Abstract. Let X be a Hadamard manifold, and Γ ⊂ Is(X) a non-elementary discrete subgroup of isometries of X which contains a rank one isometry. We relate the ergodic theory of the geodesic flow of the quotient orbifold M = X/Γ to the behavior of the Poincaré series of Γ. Precisely, the aim of this paper is to extend the so-called theorem of Hopf-Tsuji-Sullivan -well-known for manifolds of pinched negative curvature -to the framework of rank one orbifolds. Moreover, we derive some important properties for Γ-invariant conformal densities supported on the geometric limit set of Γ.
1. Introduction.
1.1.
Problem, motivations and results. Let X be a complete simply connected Riemannian manifold of non-positive sectional curvature, Γ ⊂ Is(X) a nonelementary discrete group and M := X/Γ the quotient orbifold (which will be called non-elementary as Γ is). The Poincaré series of Γ is defined by P (s; x, y) := is called the critical exponent of Γ and is independent of x, y ∈ X. Clearly P (s; x, y) converges for s > δ(Γ) and diverges for s < δ(Γ). If P (δ(Γ); x, y) diverges, the group Γ is said to be divergent, otherwise Γ is said to be convergent. Using this Poincaré series, a remarkable class of measures (µ x ) x∈X supported on the geometric boundary ∂X of X -a so-called Γ-invariant conformal density -has been constructed in the CAT(−1) setting (see [24] and [30] for the original constructions, then [33] , [16] , [11] for extensions, and [25] for a clear account and deep applications of this theory).
If Γ is torsion-free, then the quotient M = X/Γ is a manifold, and a measure m Γ (called Patterson-Sullivan measure or in the cocompact setting Bowen-Margulis measure for the third reason below) on the unit tangent bundle SM can be derived from the conformal density mentioned above. In the rank one framework (the framework we are in) the Bowen-Margulis measure m Γ has been first introduced by G. Knieper in [18] .
For several reasons, Patterson-Sullivan measure m Γ (or equivalently the Γ-invariant conformal density which induces m Γ ) is of central importance in the dynamical studies of the geodesic flow (g t Γ ) t∈R acting on SM . We only want to mention a few here:
First, for a compact rank one locally symmetric manifold (which has negative sectional curvature) the measure m Γ is an alternative description of the Liouville measure on the unit tangent bundle.
Second, for real hyperbolic quotients M = H n /Γ, harmonic analysis of M is closely related to the study of conformal densities (see [30] , [22] , [26] , [16] ).
Third, it turns out that for compact geometric rank one manifolds m Γ is the unique measure of maximal entropy (see [18] and references therein, as previous results had been obtained before Knieper's one in negative curvature; see also [23] for an interesting study in the non-compact and pinched negative curvature case).
And finally, from the local decomposition of m Γ and the conformality property of the conditionals (and its main consequence, the famous shadow lemma) solutions to counting problems associated with the discrete group Γ can be derived (see again [25] ).
The questions we are concerned with are of dynamical nature. Namely, we are interested in criteria for (complete) conservativity (i.e. absence of a wandering set modulo null sets -we refer to Section 6 for precise definitions of conservativity, dissipativity and Hopf's decomposition theorem) or ergodicity (i.e. all invariant sets either have full measure or measure zero) of the geodesic flow (g t Γ ) t∈R acting on SM with respect to the invariant measure m Γ . Such criteria are provided in the CAT(−1) setting by Hopf-Tsuji-Sullivan's dichotomy (HTS dichotomy for short), the story of which began maybe with Poincaré's recurrence theorem applied to Riemann surfaces and later in the 1930's by E. Hopf's seminal work (see [14] and [15] ). Actually, it was observed a long time ago that either the geodesic flow on a hyperbolic Riemann surface is completely conservative and ergodic with respect to Liouville measure or it is completely dissipative and non-ergodic. Tsuji's work (see [32] ) in particular points out that conservativity is equivalent to ergodicity.
The aim of this paper is to prove HTS dichotomy for non-elementary rank one manifolds M and with respect to Patterson-Sullivan measure. Here a manifold M is called non-elementary if Γ ∼ = π 1 (M ) is non-elementary (see the precise definition at the beginning of Section 3), and rank one if there exists a closed geodesic σ in M along which there is no perpendicular parallel Jacobi field.
We want to mention here two important points concerning the notion of geometric rank one: First, in the definition of a geometric rank one manifold it is sometimes not required that the geodesic without perpendicular parallel Jacobi field is closed. However, by the rank rigidity theorem of Ballmann [3] and Burns-Spatzier [10] the different definitions coincide when M is of finite volume; the same is true in general 3 when M has dimension 2. But to our knowledge this coincidence is not clear in general and we need the periodicity assumption in our main theorem.
Second, the weakest possible assumption when considering Hadamard manifolds X (and their quotients M ) that are not higher rank symmetric spaces or Riemannian products would be to require the existence of a geodesic in X which does not bound a flat half plane. We will call such a geodesic weak rank one in the sequel. Again, from the rank rigidity result cited above (see also [9] ) it follows that for Hadamard manifolds X admitting a quotient of finite volume the existence of such a weak rank one geodesic implies that X has a strong rank one geodesic, i.e. a geodesic without perpendicular parallel Jacobi field. By the comment below Theorem 2 in [5] the same is true when X is 2-dimensional. So if X admits a quotient of finite volume or if dim(X) = 2, then every non-elementary manifold M = X/Γ with a weak rank one geodesic already has a strong rank one geodesic. However, we have no idea if the same holds when X does not admit a finite volume quotient and dim(X) ≥ 3. Roughly speaking, the main result we obtain can be stated as follows: It is worth noticing that given Γ, the question to decide whether or not the quotient manifold has a conservative -or ergodic -geodesic flow with respect to Patterson-Sullivan measure or Liouville measure is a different one. In view of HTS dichotomy, the work [12] in variable negative curvature, as well as [1] for the specific case of abelian coverings of the 3-punctured sphere should be considered (see also [33] ).
We further remark that the action of the geodesic flow on SM can be read off from the universal covering X as an action of Γ on the space of geodesics (defined uniquely up to reparametrization by a unit tangent vector). Each geodesic in X has two end points and the Γ-action on that space is actually an action on the space of end point pairs of geodesics (denoted ∂ 2 X in what follows) on which the measure class (µ o ⊗ µ o ) |∂ 2 X is invariant by the action of Γ. Nevertheless, a statement equivalent to the main theorem above for the latter dynamical system can be obtained here only for surfaces; the precise statement can be found in Theorem 8.5.
Notice that in order to recover all our results below except for Proposition 6 and Proposition 8, the weaker assumption that M admits a closed weak rank one geodesic is sufficient. In order to state some of our results under this weaker assumption we briefly recall that a δ-dimensional Γ-invariant conformal density (µ x ) x∈X is a Γ-equivariant continuous map µ of X to the cone of positive finite Borel measures on ∂X with support in the geometric limit set of Γ and prescribed Radon-Nikodym derivatives. An important subset of the geometric limit set is the radial limit set, which consists of asymptote classes of geodesic rays for which infinitely many orbit points of Γ are contained in a fixed tubular neighborhood; a precise definition is given at the beginning of Section 5.
Our first result concerning conformal densities is Lemma 5.1: If the group Γ is convergent, then the radial limit set is a null set with respect to any measure µ x = µ(x) in the class of µ. Moreover, by Proposition 4 the Γ-action on the radial limit set is ergodic with respect to the measure µ o : Theorem 1.1. Every Γ-invariant Borel subset of the radial limit set is either a null set or has full measure with respect to µ o .
Finally, according to Proposition 5 the atomic part of a δ-dimensional Γ-invariant conformal density µ stays outside the radial limit set.
1.2.
Structure of the proof of HTS dichotomy and comments. Our debt to Roblin's synthesis on HTS dichotomy (see Theorem 1.7 in [25] ) appears clearly along the lines below. However, there are specific geometric arguments due to the rank one hypothesis which allows for rather complicated geometric properties of M , namely the existence of immersed totally geodesic flat or higher rank symmetric spaces (see for instance [7] , [10] , [27] , [28] and [29] ). We note that the additional hypothesis that Γ is torsion free is not relevant in the following so that our results apply as well to orbifolds.
For clarity, we give at this point a brief description of the structure of the proof and precise steps where new arguments appear to be necessary:
1) The shadow lemma for conformal densities (see Section 4) is one key geometric argument throughout the proof and needs to be established here for generalized shadows with two parameters. 2) It is almost tautological that conservativity of the geodesic flow with respect to m Γ is equivalent for the radial limit set L rad Γ of Γ to be of full µ o -measure. Proposition 4 says that µ o (L rad Γ ) is either zero or one, and it is an expression of one part of the dichotomy. Its proof relies on the above mentioned shadow lemma so that there is no difference in essence from Roblin's proof. 3) Proposition 6, which is the difficult part in the equivalence between the divergence of the group Γ and the conservativity of the geodesic flow requires all the rank one machinery, in particular the crucial Proposition 1. It is the first ingredient in the proof where the existence of a strong rank one closed geodesic is required. 4) The last step is Proposition 8 which asserts that conservativity of the geodesic flow implies ergodicity. Here again we believe that this proposition will not be true if we assume only the existence of a weak rank one closed geodesic in M . We note that the proof is partly based on previous geometric work by G. Knieper ([17] and [18] ).
and of the geodesic flow is an evidence. The paper is organized as follows: In Section 2 we fix some notations and recall basic facts about Hadamard manifolds and discrete groups of isometries which contain a (weak) rank one element. In Section 3 we give some important geometric estimates needed for our generalization of the so-called shadow lemma [20, Theorem 3.6 ]. This generalization is stated and proved as Theorem 3 in Section 4; it gives an idea of the local behavior of conformal densities and is central in the proof of most of our results. In Section 5 we introduce the radial limit set of a discrete group of isometries and prove several measure theoretic properties of this set, in particular Theorem 1.1 and Proposition 5. Section 6 recalls the construction of the geodesic flow invariant Patterson-Sullivan measure on the unit tangent bundle of the quotient -whose construction appears in [16] and [18] ) -and deals with ergodic properties of the corresponding dynamical system. The main result is Proposition 6 ERGODIC GEOMETRY FOR RANK ONE MANIFOLDS 5 which states that for divergent groups Γ -under the hypothesis that X/Γ contains a closed strong rank one geodesic -the radial limit set has positive and hence full measure with respect to µ o .
In Section 7 we complete the proof of the main theorem; the crucial step is Proposition 8 which asserts that conservativity of the geodesic flow implies ergodicity.
Finally, in Section 8 we study the action of Γ on the space of geodesics ∂ 2 X of X with respect to the measure (µ o ⊗ µ o ) ∂ 2 X . Unfortunately we cannot establish complete dissipativity for arbitrary convergent groups; it is possible that there remains a conservative part of positive measure in the set of end point pairs of geodesics which are not rank one. However, in dimension two we can exclude this possibility and therefore get complete dissipativity. Summarizing all results previously obtained we formulate Theorem 8.5 for rank one surfaces which is the exact analogon of Theorem 1.7 in [25] .
Acknowledgements:
The authors would like to thank Marc Peigné for many useful discussions. They would also like to thank E. Gutkin for pointing out reference [1] and for fruitful discussions. Finally, most part of the second author's work was completed when visiting ETHZ in the fall 2010. The latter is particularly greatful to the institution for providing hospitality and nice working conditions; special thanks for that reasons are adressed to Marc Burger.
Preliminaries and notations.
In this section we recall a few basic properties of Hadamard manifolds which possess a geodesic without flat half plane. Most of the material can be found in [2] and [4] .
Let X be a complete simply connected Riemannian manifold of non-positive sectional curvature. The geometric boundary ∂X of X is the set of equivalence classes of asymptotic geodesic rays endowed with the cone topology (see e.g. Chapter II in [6] ). This boundary is homeomorphic to the unit tangent space of an arbitrary point in X and X := X ∪ ∂X is homeomorphic to a closed ball. Moreover, the isometry group Is(X) of X has a natural action by homeomorphisms on the geometric boundary.
Recall that a basis for the topology on X is provided by the balls in X and the set of truncated cones
where x ∈ X, ξ ∈ ∂X, ε > 0 and T > 0 are arbitrary. All geodesics are assumed to have unit speed. For x ∈ X, y ∈ X \ {x} and ξ ∈ ∂X we denote by σ x,y the unique geodesic joining the point x = σ x,y (0) to y, and by σ x,ξ the unique geodesic emanating from x such that the ray σ x,ξ (R + ) is in the class of ξ.
We say that two distinct points ξ, η ∈ ∂X can be joined by a geodesic if there exists a geodesic σ with end points σ(−∞) = ξ and σ(∞) = η, and we denote by ∂ 2 X the set of pairs (ξ, η) ∈ ∂X ×∂X such that ξ and η can be joined by a geodesic. For (ξ, η) ∈ ∂ 2 X we denote by
the subset of X obtained by the union of all geodesics joining ξ and η. It is wellknown (see e.g. Remark 1.11.7 in [13] ) that (ξη) is closed and convex and hence a totally geodesic submanifold of X. We will describe these sets more precisely at the end of this section.
If X is CAT(−1), then any pair of distinct boundary points (ξ, η) belongs to ∂ 2 X, and (ξη) is the image of a geodesic which is unique up to reparametrization. In general, the set ∂ 2 X is much smaller compared to ∂X × ∂X minus the diagonal due to the possible existence of flat subspaces in X.
Let x, y ∈ X, ξ ∈ ∂X and σ a geodesic ray in the class of ξ. We put
This number exists, is independent of the chosen ray σ, and the function
is called the Busemann function centered at ξ based at y (see also Chapter II in [6] ); its level sets are called horospheres centered at ξ. The Busemann function satisfies
for all x, y, z ∈ X, ξ ∈ ∂X and g ∈ Is(X). If (ξ, η) ∈ ∂ 2 X, y ∈ X, we define as in [8] the Gromov product of ξ and η with respect to y by
It follows immediately from the definition that the Gromov product is non-negative and independent of z ∈ (ξη). Notice that in the case of surfaces the Gromov product can be extended to a larger set than ∂ 2 X (see Theorem B in [21] ), but for our purposes it will be sufficient to consider it on ∂ 2 X. We say that a geodesic σ : R → X bounds a flat strip of width c > 0 if there exists a convex subset i([0, c] × R) in X isometric to [0, c] × R such that σ(t) = i(0, t) for all t ∈ R. A geodesic σ : R → X is called weak rank one or simply rank one if σ does not bound a flat strip of infinite width. In this case the number ω(σ) := sup{c > 0 : σ bounds a flat strip of width c} (6) is called the width of σ. If σ does not bound a flat strip of positive width, then we set ω(σ) = 0. Furthermore, we will say that a geodesic σ is strong rank one if σ does not admit a perpendicular parallel Jacobi field.
Remark 1.
It is clear that a strong rank one geodesic cannot bound a flat strip of positive width. However, the example of a surface with negative Gaussian curvature except along a simple closed geodesic where the curvature vanishes shows that a geodesic can be weak rank one of width zero, but still admitting a perpendicular parallel Jacobi field.
The following important lemma states that even though we cannot join any two distinct points in the geometric boundary of X, given a rank one geodesic we can at least join all points in a neighborhood of its end points. More precisely, we have the following result which is a reformulation of Lemma III. Remark 2. It may happen that a family of geodesics σ n of width ω(σ n ) ց 0 converges to a geodesic σ of width zero which -by the last statement in Lemma 2.1 -is not strong rank one. In particular, if σ is a weak rank one geodesic of width zero which is not strong rank one, then the width of every geodesic in a neighborhood of σ may be strictly positive.
Definition 2.2. An isometry γ = id of X is called axial, if there exists a constant l = l(γ) > 0 and a geodesic σ such that γ(σ(t)) = σ(t + l) for all t ∈ R. We call l(γ) the translation length of γ, and σ an axis of γ. The boundary point γ + := σ(∞) (which is actually independent of the chosen axis σ) is called the attractive fixed point, and γ − := σ(−∞) the repulsive fixed point of γ. For γ ∈ Is(X) axial we further put Ax(γ) :
We remark that Ax(γ) = (γ − γ + ) consists of the union of parallel geodesics translated by γ, and Ax(γ) ∩ ∂X is exactly the set of fixed points of γ. The following particular kind of axial isometries will play a crucial role in the sequel. Definition 2.3. An isometry h of X is called weak rank one or simply rank one (respectively strong rank one) if h is axial and possesses a weak (respectively strong) rank one axis. Its width ω(h) is defined by
We remark that the set of fixed points of a rank one isometry h consists of precisely the two points h + and h − and that every axial isometry commuting with h possesses the same set of invariant geodesics as h.
The following important lemma describes the north-south dynamics of rank one isometries: 
For x ∈ X and r > 0 we denote B x (r) ⊂ X the open ball of radius r centered at x ∈ X. Set D := {(x, x) : x ∈ X} and consider the continuous projection
If B ⊂ X, y ∈ X \ B, we further set pr y (B) := {pr(y, x) : x ∈ B}. In the sequel it will be convenient to deal with the following sets introduced (up to small details) by T. Roblin ([25] ): For r > 0, c > 0 and x, y ∈ X we set
It is clear from the definitions that
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Moreover, O − r,c (x, y) is non-increasing in r and non-decreasing in c while L r,c (x, y) is non-decreasing in both r and c.
The following properties are almost tautological: If r, r ′ , c, c
Let SX denote the unit tangent bundle of X and p : SX → X the foot point projection. For B ⊂ X we define SB := {v ∈ SX : pv ∈ B} ⊂ SX, i.e. SB is the set of vectors in SX with foot point in B. Let (g t ) t∈R denote the geodesic flow on SX. Each v ∈ SX determines a unique geodesic σ v via the assignment
its extremities v − := σ v (−∞) and v + := σ v (−∞) are called the negative and positive end point of v. In particular, we can define the end point projection
which obviously is invariant under the geodesic flow. Moreover, for (ξ, η) ∈ ∂ 2 X the set of preimages of Π consists of all vectors v ∈ SX with end points v − = ξ and v + = η; in particular we have
It is well-known (see for instance Lemma 2.4 in [6] ) that the totally geodesic submanifold (ξη) ⊂ X is isometric to the product C (ξη) × R, where C (ξη) is a closed convex subset of X which we will describe more precisely in the sequel. For t ∈ R and v ∈ Π −1 (ξ, η) we denote
the intersection of the submanifold (ξη) with the horosphere centered at ξ = v + (or equivalently at η = v − ) passing through the foot point of g t v; by the cocycle identity for the Busemann function we have
Notice that if (ξη) is the image of a unique geodesic up to reparametrization, then H t (v) consists of exactly one point, namely the foot point of g t v. In general, the geodesics σ v (R) and σ w (R) determined by two vectors v, w ∈ Π −1 (ξ, η) can be different. However, there always exists a unique τ ∈ R such that the sets
and hence C (ξη) can be identified with the set H 0 (v) (or equally well with the set H t (v) for some fixed t ∈ R). For a point x ∈ X and (ξ, η) ∈ ∂ 2 X we further denote
the unique element v ∈ SX whose foot point is the orthogonal projection of x to the totally geodesic submanifold (ξη) and such that Π(v) = (ξ, η).
3. Geometric estimates. Let X be a Hadamard manifold and Γ ⊂ Is(X) a discrete group. The geometric limit set L Γ of Γ is defined by L Γ := Γ · x ∩ ∂X, where x ∈ X is an arbitrary point. A discrete group Γ ⊂ Is(X) is said to be non-elementary if the cardinality of L Γ is infinite. From here on we will require that Γ ⊂ Is(X) is a non-elementary discrete group which contains a rank one isometry h of finite width ω(h) ≥ 0, and we fix a point o ∈ Ax(h)
Roughly speaking, the following fact asserts that for suitable r and c the sets L r,c (o, γo) are big enough for all but a finite number of elements in Γ. It will be crucial in the proof of Proposition 6. For any c > 0 there exists
for all r ≥ r 0 .
Proof. Since V ⊂ X is an open neighborhood of h + , there exists a truncated cone C := C ε o,h + (T ) as in (1) such that C ⊆ V . Let Λ ⊂ Γ be a finite and symmetric set such that ∪ β∈Λ βC is an open neighborhood of L Γ in X and set ρ := max{d(o, βo) : β ∈ Λ}. We observe that for a fixed constant c From here on we fix a second rank one isometry g ∈ Γ with fixed points distinct from those of h. We will need the following result which is a direct consequence of the north-south dynamics property of rank-one isometries and the key Lemma 2.1. It roughly states that for given r, the shadows O − r,c (y, o) are uniformly big with respect to y ∈ X for a suitable c bigger than the width ω(h) of h. It becomes apparent in the proof of this statement why we need to consider shadows depending on two parameters.
Proposition 2. Given
Proof. Fix r > 0. For c > ω(h) and γ ∈ {g, h} we choose neighborhoods U (γ) and V (γ) according to Lemma 2.1; upon taking smaller neighborhoods these can be assumed to be pairwise disjoint and at distance at least 2r from each other. By Lemma 2.4 (b) there exists M ∈ N such that for all y ∈ X we have B βy (r) = β(B y (r)) ⊂ U (h) with
∩ ∂X, and the conclusion now follows with
from the obvious relation
⊆ O − r,c0 (y, o).
4.
The generalized shadow lemma for conformal densities. Given δ ≥ 0, a δ-dimensional Γ-invariant conformal density is a continuous map µ of X into the cone of positive finite Borel measures on ∂X such that µ o := µ(o) is supported on the limit set L Γ , µ is Γ-equivariant (i.e. γ * µ x = µ γx for all γ ∈ Γ, x ∈ X) 1 and dµ x dµ o (η) = e δBη(o,x) for any x ∈ X and η ∈ supp(µ o ).
The existence of a δ-dimensional Γ-invariant conformal density for δ = δ(Γ) goes back to S. J. Patterson ([24] ) in the case of Fuchsian groups, and it turns out that his explicit construction extends verbatim to arbitrary infinite discrete isometry groups of Hadamard manifolds with positive critical exponent (see e.g. [17, Lemma 2.2]). Notice that in our setting the critical exponent δ(Γ) is always positive since Γ contains a non-abelian free group generated by two rank one elements.
One corner stone result concerning these densities is Sullivan's shadow lemma, which gives an asymptotic estimate for the measure of projected balls pr o (B γo (r)) as d(o, γo) tends to infinity, and from which ergodicity properties can be derived -as well as solutions of counting problems (see e.g. [25] ). In a previous article ([20, Lemma 3.5]) the first author proved this lemma in the rank one setting. For our purposes here we will need an analogous result for the smaller and larger sets O 
Proof. This follows again from the minimality of L Γ : Let O ⊂ ∂X be an open set with O ∩ L Γ = ∅ and Λ ⊂ Γ a finite set such that (15) holds. Then
by Γ-invariance of A, so µ x (O ∩ A) = 0 would imply
because µ β −1 x is absolutely continuous with respect to µ x for all β ∈ Λ.
This lemma allows us to prove the desired shadow lemma; the only difficulty is to bound from below the µ o -measure of the shadows O 
Proof. The two inequalities in the middle are obvious from (9) . We keep the notation from the proofs of Proposition 1 and 2. 
} is positive and depends only on O, M and the isometries h and g even if β depends on γ. Hence for all γ ∈ Γ with d(o, γo) > 2c
The last inequality is straightforward: If x, y ∈ X and η ∈ O + c,c (x, y), considering a ray σ z,η from a point z ∈ B x (c) whose intersection with B y (c) is non-trivial we get So in particular the upper bound in Proposition 3 holds for all γ ∈ Γ.
5. Properties of the radial limit set. Recall that Γ ⊆ Is(X) is a discrete isometry group of a Hadamard manifold X which contains two rank one isometries g and h with disjoint fixed point sets, and o ∈ Ax(h) is a fixed base point. In this section we will study an important subset of the limit set which is defined as follows. For c > 0 and R ≫ 1 we set
Obviously, these sets are non-decreasing in c and non-increasing in R. Next we consider the decreasing limit of these sets as R tends to infinity, i.e.
The radial limit set L rad Γ can now be defined as the increasing limit of the sets L Γ (c) as c tends to infinity, namely
It is independent of the origin o ∈ X and will play a central role in the sequel. From here on fix a δ-dimensional Γ-invariant conformal density for some δ > 0. Notice that by definition of a conformal density we have 0 < µ o (∂X) < ∞, and we will assume that µ o is normalized such that µ o (∂X) = 1. Concerning the µ o -measure of the radial limit set, we have the following easy lemma which is straightforward once we have the shadow lemma for projections. Even though the proof is exactly the same as in the case of CAT(−1)-spaces (compare statement (a) in [25, p. 19 ]), we include it here for the convenience of the reader. The converse statement is more involved and is Proposition 6 below.
Then by (18) there exists a constant C > 0 such that for all c > C we have
Fix c > max{c 0 , C}, where c 0 > 0 is the constant provided by the shadow lemma Proposition 3 (for r > 0 arbitrary). Then by (17) we have for any
hence the tail of the Poincaré series does not tend to zero. We conclude that γ∈Γ e −δd(o,γo) diverges, in contradiction to the assumption.
The following proposition states that Γ acts ergodically on the radial limit set with respect to the measure class defined by µ.
The key step in the proof of this proposition is the following Lebesgue Besicovich' type derivation lemma whose proof is very similar to the classical one in R n (see e.g. Chapter 11 in [31] ). Here, balls are replaced by projections (called as well shadows) as in [30] . It is not clear in our setting whether or not projections are balls for a metric on ∂X, and this is the main reason why such a lemma is needed (compare [17] ). Actually, the proof is the same as in the CAT(−1) setting, but depends at several points on the shadow lemma. We give an account of this proof, since the arguments will be useful later on.
We recall the definition of the sets L Γ (c) from (17). Now let φ : ∂X → R be a bounded Borel function and (φ n ) a sequence of continuous functions whose limit µ o -a.e. and in L 1 (µ o ) is φ. The triangle inequality implies that for all n ∈ N and γ ∈ Γ, ξ ∈ ∂X such that ξ ∈ pr o (B γo (c)) we have
Since the lemma is obviously true for continuous functions, it only remains to prove the following Markov-type inequality:
Its application to the bounded Borel function ψ := |φ−φ n | then gives the conclusion of the lemma for any φ as above. In order to prove inequality (19) we note that the set
is infinitely covered by The idea is to construct by induction a bounded multiplicity subcovering of S(ψ, ε).
For that purpose we first denote by G := G(c) ⊂ Γ the set of elements γ ∈ Γ such that
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we set
We now consider the subset Γ * ⊂ Γ defined by
it is then a straightforward consequence of the triangle inequality that
then γ, γ ′ belong to G k for the same k and d(γ ′ o, γo) ≤ 12c + 13 by the triangle inequality. The additional condition d(γo, γ ′ o) ≥ 1 -which is necessary if we think of parabolic or mixed isometries in the sense of [6, Definition 6.1] -implies that there is a finite number of γ ′ (depending on c but not on γ and k) such that (21) holds for any fixed γ. Consequently,
where we used the shadow lemma Proposition 3, the fact that M c γ (ψ) > ε for γ ∈ Γ * and the finiteness of the subcovering. This is the desired inequality. 
Proof of Proposition 4. Let
Conformality (16) and Γ-equivariance of µ imply that for any Γ-invariant subset B of ∂X we have
where the symbol ≍ means that one quantity is bounded from above and below by the second one up to universal multiplicative constants. Applying this estimate to B = A c for the numerator and to B = ∂X for the denominator gives
If c > c 0 is big enough, then by Proposition 2 there exists an open set O ⊆ ∂X whose intersection with L Γ is non-trivial and which is contained in pr γ
But from the Γ-invariance of A c and Lemma 4.1 we know that
Next we state a result concerning the atomic part of a δ-dimensional Γ-invariant conformal density with δ > 0 which will be needed later. The proof is due to P. J. Nicholls ([22, Theorem 3.5.3]) in the case where X is hyperbolic n-space.
Proposition 5. A radial limit point cannot be a point mass for µ.
Before we give the proof, we will show the following two easy results concerning arbitrary point masses of a δ-dimensional Γ-invariant conformal density with δ > 0. For η ∈ ∂X we denote Γ η := {γ ∈ Γ : γη = η} its stabilizer in Γ.
Lemma 5.3. If η is a point mass for µ, then for all x ∈ X and all γ ∈ Γ η we have
Proof. By Γ-equivariance and conformality (16) of µ we have for all x ∈ X and converges.
Proof. If g and g ′ are distinct elements in G, then gη = g ′ η by definition of G and therefore
We conclude by conformality (16) that g∈G e δBη(o,g there exist c > 0 and (γ j ) ⊂ Γ such that η ∈ pr o (B γj o (c)) for all j ∈ N. Considering a geodesic ray emanating from o which intersects B γj o (c) non-trivially we get
Hence passing to a subsequence if necessary we may assume that B η (o, γ j o) is strictly increasing as j tends to infinity. We claim that G := {γ −1 j : j ∈ N} ⊂ Γ is the desired set. Indeed, assume that there exist two distinct elements γ
. From the cocycle identity of the Busemann function we conclude
which contradicts the choice of our sequence (γ j ) ⊂ Γ.
6. Dynamical properties of the geodesic flow. In this section we keep the previous notation. In particular, for (ξ, η) ∈ ∂ 2 X we recall that Π −1 (ξ, η) is the set of vectors v ∈ SX with negative end point v − = ξ and positive end point v + = η. The set of foot points of such vectors p(Π −1 (ξ, η)) = (ξη) ≃ C (ξη) × R is a totally geodesic submanifold of X and hence inherits the volume element from X. We will denote this volume element vol (ξη) or sometimes simply vol without making explicit reference to the submanifold (ξη). Similarly, the closed convex set C (ξη) ⊂ X can be endowed with the volume element induced from X which we will denote by vol
or vol ⊥ . With Lebesgue measure λ on R we clearly have
Let µ be a δ(Γ)-dimensional Γ-invariant conformal density on ∂X normalized such that µ o is a probability measure. As in Knieper's paper [18] we define a measure on the unit tangent bundle SX of X in the following way: For a Borel subset E ⊆ SX we set
where Gr o is the Gromov product (5) with respect to o defined in Section 2. This measure m is obviously invariant by the geodesic flow; moreover, the conformality (16) and the Γ-equivariance of µ imply that the measure m does not depend on o and is Γ-invariant. Hence it descends to a geodesic flow invariant measure m Γ on the unit tangent bundle SM of the quotient M = X/Γ. In the following we denote (g t Γ ) t∈R the geodesic flow of SX/Γ = SM . In the sequel, (Ω, G, ν) will be one of the following four dynamical systems (with the measure class of ν invariant by G and with a Haar measure dg on G):
A Borel set E ⊆ Ω is called wandering if G χ E (gω)dg < ∞ for ν-a.e. ω ∈ E and recurrent otherwise. E. Hopf's decomposition theorem (see for instance [19, p. 17] The "only if" part is Lemma 5.1; the "if" part is more intricate for it needs a control of the multiplicity of the covering of the radial limit set by the non-increasing family L Γ (c) defined in (17) . The control is given by inequalities (31) and (32) below. Unfortunately, due to the fact that the dimension of the submanifolds (ξη) can vary even if ξ and η are in a small neighborhood of the repulsive respectively attractive fixed point of a weak rank one isometry, we need to impose the existence of a strong rank one isometry in Γ in order to get the lower bound (32) . For the proof of Proposition 6 below -which by Lemma 6.1 implies the "'if" part -we follow Roblin's exposition and therefore need to construct a compact Borel set K Γ satisfying the inequalities (31) and (32) below. This set will then be recurrent (and of positive measure) if we assume Γ to be divergent.
In order to construct such a set K Γ , we first define for x ∈ X and c > 0
with H 0 as defined in (13), and v(x; ξ, η) as in (14) is the unique element v ∈ SX whose foot point pv is the orthogonal projection of o to (ξη) and such that Π(v) = (ξ, η). So K 0 (x, c) consists of all vectors v ∈ SB x (c) with foot point in the isometric image of C (v − v + ) passing through the orthogonal projection of x to (v − v + ). In order to establish (32), we need to "thicken" these sets by the geodesic flow and consider
Such a set has the important property that the orbit of an arbitrary vector v ∈ SX under the geodesic flow either does not intersect it at all or spends precisely time 2c inside. In order to make the exposition of the proof of Proposition 6 below more transparent, we first state a few necessary and easy geometric estimates concerning the sets K(x, c).
For c > 0 fixed we abbreviate K := K(o, c) the closure of K(o, c) in SX and consider intersections of the form
in SX with t, s > 0 and γ, ϕ ∈ Γ. As a direct consequence of the triangle inequality we obtain from
In the same manner, if
then from (25) we deduce that
Moreover, we have the following relation between the open sets (30) and the sets L c,c (o, γo) introduced in (8).
Lemma 6.2.
Proof. The inclusion "⊆" follows from the first condition in the definition (23) of the sets K 0 (x, c):
, then the geodesic σ w satisfies d(o, σ w (s)) < c for some s ∈ (−c, c), and d(γo, σ w (t)) < c for some t > 0. Hence
Conversely, if (ξ, η) ∈ L c,c (o, γo), there exists a geodesic σ with σ(−∞) = ξ, σ(∞) = η which first intersects B o (c) and then B γo (c). Denote v ∈ SX the unique vector such that pv is the orthogonal projection of o to σ, and σ v = σ. Notice that if σ is not a strong rank one geodesic, then v is in general different from the orthogonal projection v(o; ξ, η) to the whole set (ξη). Next let τ > 0 such that
is the orthogonal projection of γo to the geodesic σ. In particular, we have d(o, pv) < c and d(γo, p(g τ v)) < c.
Moreover, since the geodesics determined by v and v(o; ξ, η) span a flat strip, and pv, v(o; ξ, η) are orthogonal projections of the same point o, we have
for the particular τ > 0 from above.
As a direct consequence we obtain that for all t, s > 0 and all γ, ϕ ∈ Γ
Finally we remark that if (ξ, η) ∈ L 2c,2c (o, ϕo), then there exists z ∈ (ξη)∩B o (2c) such that
which immediately gives the estimate
It remains to specify the constant c > 0 for which the set K := K(o, c) will satisfy the inequalities (31) and (32) . Recall that h ∈ Γ is a rank one element of Γ and that the base point o ∈ Ax(h) was chosen on the axis of h. We first fix r = r 0 > ω(h) and neighborhoods U, V ⊂ X of h − , h + provided by Lemma 2.1 for r 0 . Let Λ ⊂ Γ be the finite symmetric set provided by Proposition 1, set ρ := max{d(o, βo) : β ∈ Λ} and -with the constant c 0 > r from the shadow lemma Proposition 3 -fix c > c 0 + ρ.
From here on
will be defined with this constant c.
Proof. We argue by contradiction, assuming that µ o (L rad Γ ) = 0 and that the series γ∈Γ e −δ(Γ)d(o,γo) diverges. We show that for the compact set K ⊂ SX defined by (30) the following inequalities hold for T sufficiently large with universal constants C, C ′ > 0:
Once these inequalities are proved and under the assumption that the series γ∈Γ e −δ(Γ)d(o,γo) diverges, one can apply the above mentioned generalization of the second Borel-Cantelli lemma and the conclusion follows as in [25, p. 20] We begin with the proof of (31) which works even if Γ contains only a weak rank one element; first we note that
By definition of the measure m, as a consequence of (28) and with the obvious relation
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we therefore get for all γ, ϕ ∈ Γ
where we used the shadow lemma Proposition 3 (together with Remark 3) in the last step. We conclude that
with the constant C 1 = 4c 2 F · e 4cδ(Γ) D(2c) which only depends on c. Making use repeatedly of (25) and its consequence (26), we further get is uniformly bounded in T as a direct consequence of Corollary 3.8 in [20] , we have established (31) .
It remains to prove inequality (32) , where we will have to require that h is a strong rank one element in Γ. We recall that under this assumption (and with the notation introduced before (30)) every pair of points (ξ, η) ∈ U × V can be joined by a strong rank one geodesic.
Using the definition of m, Lemma 6.2 and the non-negativity of the Gromov product, we first obtain for γ ∈ Γ with d(o, γo) > 4c Here the problem appears that we cannot in general uniformly bound from below the integral with a constant C ′ depending only on c and the fixed finite set Λ ⊂ Γ; in the last three inequalities we used the Γ-equivariance and the conformality (16) of µ, the shadow lemma Proposition 3 and the triangle inequality for the exponent.
Finally, taking the sum over all elements γ ∈ Γ with d(o, γo) ∈ (R, T − 4c) we get is uniformly bounded in T .
7. Ergodicity for divergent groups. In this section we again assume that Γ ⊆ Is(X) contains a strong rank one isometry h and that the base point o ∈ Ax(h) belongs to the axis of h. As in [18] we let d 1 be the metric on the unit tangent bundle SX defined by d 1 (u, v) := max{d(pg t u, pg t w) : 0 ≤ t ≤ 1} for u, v ∈ SX.
Moreover, a vector v ∈ SX is called recurrent, if there exist sequences (γ n ) ⊂ Γ and (t n ) → ∞ such that γ n g tn v converges to v in SX. In order to prove ergodicity of the geodesic flow on SM with respect to the measure m Γ we will use the famous Hopf argument (see [14] , [15] ) as in [25] and [18] . In our setting we need Knieper's Proposition 4.1 which holds only under the stronger assumption that Γ contains a strong rank one element. We recall only its statement here: 
